In light of the latest neutrino oscillation data, we examine whether the leptonic flavor mixing matrix can take on an exact form of tri-bimaximal (TBM), golden-ratio (GR) or bimaximal (BM) mixing pattern at a superhigh-energy scale, where such a mixing pattern could be realized by a flavor symmetry, and become compatible with experimental data at the low-energy scale. Within the framework of the Minimal Supersymmetric Standard Model (MSSM), the only hope for realizing such a possibility is to count on the corrections from the renomalization-group (RG) running. In this work we focus on these radiative corrections, and fully explore the allowed parameter space for each of these mixing patterns. We find that when the upper bound on the sum of neutrino masses Σ ν ≡ m 1 + m 2 + m 3 < 0.23 eV at the 95% confidence level from Planck 2015 is taken into account, none of these mixing patterns can be identified as the leptonic mixing matrix below the seesaw threshold. If this cosmological upper bound on the sum of neutrino masses were relaxed, the TBM and GR mixing patterns would still be compatible with the latest neutrino oscillation data at the 3σ level, but not at the 1σ level. Even in this case, no such a possibility exists for the BM mixing.
Introduction
In retrospect, it is remarkable that experimentalists were able to identify the existence of two large (i.e., θ 12 ≈ 34 • and θ 23 ≈ 45 • ) and one small (i.e., θ 13 < 10 • ) flavor mixing angles in the lepton sector about one decade ago [1] . Around the same time, several appealing constant mixing matrices were postulated by theorists so as to explain the observed flavor mixing pattern. The most interesting ones include the TBM, GR and BM mixing matrices, which can be collectively parametrized as
where s 12 ≡ sin θ 12 and c 12 ≡ cos θ 12 have been defined. We have θ 23 = 45 • and θ 13 = 0 for all three mixing patterns in question, while θ 12 = arctan(1/ √ 2) ≈ 35.3 • for TBM [2] , θ 12 = 45 • for BM [3] and θ 12 = arctan [2/(1 + √ 5) ] ≈ 31.7 • for GR [4] . 1 For quite a long time, these constant mixing patterns had been regarded as good candidates for the leptonic flavor mixing matrix, as they all agreed with the experimental data fairly well. Motivated by the simplicity of these mixing patterns and the excellent agreement with data, a great number of works have been carried out to pursue a deep connection between these mixing matrices and discrete flavor symmetries. See, e.g., Refs. [6] , for recent reviews on this topic.
Recently, a relatively-large value of θ 13 (i.e., θ 13 ≈ 9 • ) has been discovered in the Daya Bay, RENO, and Double Chooz reactor neutrino experiments [7, 8, 9] . As an immediate consequence of this great discovery, none of these mixing matrices is able to account for the oscillation data at the low-energy scale. Two different approaches have been implemented to solve this problem:
• First, one can take the constant mixing patterns with θ 13 = 0 as the leading-order approximation, which will be modified by significant corrections from various sources [10] .
• Second, one can simply abandon these mixing patterns and search for new ones, which may also be derived from flavor symmetries but with a non-vanishing value of θ 13 [11, 12] .
In this paper, we follow the first approach and assume that one of the three constant mixing patterns is valid at a superhigh-energy scale, where a suitable flavor symmetry is at work and responsible for that simple mixing matrix. Then, after the RG running effects on the mixing parameters are taken into account, the mixing matrix at the low-energy scale becomes compatible with neutrino oscillation data. In fact, this idea has been studied in the literature but in different contexts. In Ref. [13] , it has been found that the seesaw threshold effects can actually be quite significant, rendering some of the constant mixing patterns exactly viable above the seesaw scale. However, this analysis depends very much on the seesaw models themselves. With the ignorance of high-energy physics, we consider the RG running effects below the seesaw scale, where the heavy particles introduced to realize seesaw mechanisms and flavor symmetries have been integrated out. To be specific, we choose to work in the framework of MSSM. 2 In such a set-up, the only way that one can rescue these mixing matrices is to count on the corrections from RG running, and therefore a detailed RG study would manifest their fates below the seesaw threshold. 1 There exists an alternative mixing pattern involving the golden ratio [5] , which assumes θ 12 = cos −1 ( √ 5 + 1)/4 = 36.0 • , quite similar to that for the TBM mixing, so we concentrate on θ 12 = tan −1 2/( √ 5 + 1) ≈ 31.7
• in this work. 2 The case of the Standard Model (SM) is not considered here, as the RG running effects are known to be negligible.
Therefore, none of three mixing patterns can be exact below the seesaw threshold. There are also extensive RG studies on the above mixing matrices even in this case. Before the emergence of a large value of θ 13 , one often made discussions on a general ground by considering both possibilities, small or large radiative corrections to θ 13 [14, 15, 16, 17, 18] . The conditions of obtaining a large value of θ 13 at low energies have been partially identified. Later, shortly after the first hint of a large value of θ 13 from the global fit of neutrino oscillation data, a more detailed analysis focusing on the large correction side and the case of TBM was performed in [19] . With the advent of the actual discovery of θ 13 , one put the above matrices into a further scrutiny, and in [20] it was found that generating θ 13 ≈ 9 • at low energies from a zero value at the high-energy scale is quite challenging. Our work is different from previous studies in several aspects. First, the latest results from the global-fit analysis of neutrino oscillation data will be used. Second, we aim at providing a more precise and definite answer to the fates of those mixing patterns, namely, to what extent they still agree with current data. To this end, we vary all the parameters that may have significant impact on the RG running, including two Majorana CP-violating phases and one parameter that characterizes the supersymmetry (SUSY) threshold corrections. The allowed parameter space for each mixing pattern is then obtained. Third, the impact of the cosmological bound on the sum of neutrino masses Σ ν < 0.23 eV from Planck 2015 [21] is examined. If this bound is taken into account, none of those three mixing patterns can be identified as the lepton mixing matrix below the seesaw threshold. However, if the cosmological bound were relaxed, the TBM and GR mixing matrices would be compatible with the latest neutrino oscillation data [22] at the 3σ level (see, e.g., Table 1 ), but not at the 1σ level. No such a possibility exists for the BM mixing matrix.
The remaining part of the paper is organized as follows. In Section 2, we provide an analytical study on the required corrections from the RG running to the constant mixing patterns, and identify the necessary conditions on the parameters at the superhigh-energy scale. Such an analytical study is later confirmed by a detailed numerical calculation given in Section 3, where we first introduce our numerical set-up, and then present the allowed parameter space for each of these mixing matrices. Finally, we summarize our main results in Section 4.
Analytical Results
Since we are interested in the radiative corrections below the seesaw threshold, the RG running of neutrino parameters is dictated by the evolution of the coefficient κ in the dimension-five Weinberg operator, assuming that neutrinos are Majorana particles. In the MSSM, the Weinberg operator is given by
where L and H u are chiral superfields that contain the left-handed lepton doublets L and the Higgs doublet H u of hypercharge +1/2, respectively. After the spontaneous breaking of the electroweak gauge symmetry, neutrinos obtain an effective Majorana mass term via M ν = κv 2 tan 2 β/(1 + tan 2 β), where v ≈ 174 GeV is the electroweak vacuum expectation value (vev), and tan β is the ratio of the vev's of two MSSM Higgs doublets. At the one-loop level, the RG equation (RGE) of κ reads [23] 
where t(µ) = ln(µ/µ 0 ) with µ 0 being a reference mass scale, Y l is the charged-lepton Yukawa coupling, and α(t) ≈ −6g 2 1 /5 − 6g 2 2 + 6y 2 t . In the α(t) function, g 1 and g 2 denote respectively the U (1) Y and SU (2) L gauge couplings, while y t is the Yukawa coupling of the top quark. Note that the contributions from two generations of light quarks have been safely neglected.
There are two distinct ways to study the running behavior of neutrino masses and flavor mixing parameters. In the first way, starting with the RGE of κ [24] , one can derive a set of RGEs for neutrino masses and flavor mixing parameters. By inspecting the structure of those RGEs, some general running behavior of neutrino masses and lepton mixing angles can be observed [24, 25] . However, a further more quantitative estimation on the size of these radiative corrections becomes formidable, as the RGEs are non-linear in nature and thus difficult to solve analytically. In the second way, one instead focuses on the evolution of κ itself. The RG running effects are viewed as small perturbations to the initial value of κ, and then a further study on those perturbations yields the corrections to neutrino masses and mixing angles [26, 17] . In this connection, such a approach surpasses the previous one, as it can provide useful relations between the high-energy and low-energy values. But for the phase parameters this approach is still quite clumsy. As these two approaches are complementary to each other, we shall adopt both of them in this paper, i.e., discussing the radiative corrections to neutrino masses and mixing angles in the second approach, while employing the first approach to study the running of phase parameters. The RGEs of three CP-violating phases are summarized in Appendix A.
In the flavor basis where Y l is diagonal, the evolution of the neutrino mass matrix M ν can be found according to Eq. (3), namely,
where the evolution functions I 0 and I α (for α = e, µ, τ ) are defined as
and M Λ ν is the neutrino mass matrix at the high-energy scale Λ. Note that a superscript "Λ" will be attached to the quantity at the high-energy scale Λ, so as to distinguish it from its counterpart at the low-energy scale λ.
Since the electron and muon masses are negligibly small compared to the tau-lepton mass (i.e., y e y µ y τ ), only the contributions from y τ will be kept, which should be an excellent approximation. Furthermore, we expand the evolution function
In the MSSM, although y τ can be as large as of order one for large values of tan β, the parameter remains small enough. For instance, taking tan β = 50, Λ = 10 14 GeV and λ = 10 3 GeV, one finds ≈ 0.01. With these approximations, M ν is obtained by perturbing M Λ ν in the following way
To obtain the corrections to neutrino parameters, we first reconstruct M Λ ν from the neutrino masses, mixing angles and CP-violating phases at the scale Λ, namely,
where
, and U Λ ν is just the Maki-Nakagawa-Sakata-Pontecorvo (MNSP) matrix at the scale Λ, as Y l is always kept diagonal. Since θ Λ 23 = π/4 and θ Λ 13 = 0 hold for all the three mixing patterns, we simply parametrize U Λ ν as
using the convention introduced in Appendix A. Given M Λ ν in Eq. (9), we can diagonalize neutrino mass matrix in Eq. (8) and arrive at
where Z ij is defined as
with ϕ Λ 3 = 0 understood. Note that the approximate formulas in Eqs. (11), (12) and (13) are valid as long as the factors |Z ij | are small. As we will show later, this is really the case for the ranges of parameters in our calculations. The real part of Z ij can be further simplified to
The above formulas for θ 12 and θ 23 coincide with those given in Ref. [17] . 3 The details of obtaining the above corrections can be found in Appendix B, where we also discuss the conditions under which these formulas are valid. In addition, one also obtains the corrections to three neutrino masses as
and two neutrino mass-squared differences
Given the relations between the boundary values of neutrino parameters, we are ready to discuss the requirements for the high-energy parameters so that their low-energy counterparts are within the regions allowed by current experiments. In our discussions, we assume I 0 ≈ 1 and 0.01, which are proved to hold perfectly via exact numerical calculations. Some comments are in order:
• Since the running of three neutrino masses is mild, m Λ i 's are then subject to the same constraints derived from low-energy experiments. Currently, the most stringent bound on neutrino masses comes from cosmology, i.e., Σ ν < 0.23 eV from the Planck 2015 data [21] , implying that each individual neutrino mass has to satisfy m i 0.07 eV. Considering that such a bound is only at 2σ level and depends on the data sets used in the statistical analysis, we conservatively choose a looser bound on m i in this paper, namely, m i 0.2 eV.
• Even for m Λ i ∼ 0.2 eV, one can verify that the correction term to |∆m 2 3i | Λ in Eq. (20) is on the order of 10 −4 eV 2 . Therefore, to be consistent with the observed value of |∆m 2 3i | in neutrino oscillation experiments, the mass-squared difference |∆m 2 3i | Λ needs to be around 10 −3 eV 2 .
• Achieving θ 13 ∼ 0.16 at low energies requires a nearly-degenerate mass spectrum of neutrinos. To see this point, we first notice from Eq. (12) • In the TBM and GR cases, θ Λ 12 is already close to the best-fit value of θ 12 , so only a small correction is allowed, indicating that the phase difference between ϕ Λ 1 and ϕ Λ 2 should be around π, ensuring that Re [Z 21 ] is vanishingly small. In the BM case, we do need a large but negative correction to θ Λ 12 . However, because of Re [Z 21 ] > 0, the leading-order contribution is always positive, pushing θ 12 further away from its desired best-fit value at low energies. Therefore, before resorting to high-order corrections, one needs to suppress the leading-order contribution in the first place. In summary, we have ϕ Λ 2 ≈ ϕ Λ 1 + π for all three mixing patterns.
The above conditions are necessary for three constant mixing patterns to satisfy the experimental data at low energies. However, even with those conditions fulfilled, those patterns may still be in tension with low-energy data due to the following reasons:
• As mentioned above, the leading order correction to θ 12 is always positive, indicating that θ 12 tends to increase when running towards low energy. 4 Such an increase would be welcomed by GR, while a severe tension with the low-energy data would be generated for TBM and BM.
• From Eq. (13), one notices that the sign of the correction to θ 23 depends on the neutrino mass hierarchy. More explicitly, the first or second octant of θ 23 corresponds to the IH or NH case. Such a correlation, however, is exactly opposite to what we have observed in the latest global-fit results [22] .
• There also exists a correlation between θ 13 and the correction to θ 23 , namely, δθ 23 ≡ θ Λ 23 −θ 23 . Taking the NH as an example, we have ϕ Λ 2 = ϕ Λ 1 + π and find that Z 31 and Z 32 are approximately given by
in the limit of a nearly-degenerate mass spectrum. The ratio of δθ 23 to θ 13 is then given by
The above inequality indicates that the correction to θ 23 has to be on the order of (tan θ Λ 12 )θ 13 , which is around 6 • (or 9 • ) in the case of TBM and GR (or BM) with θ 13 ∼ 9 • . Such a large correction would drive θ 23 to be outside the allowed 1σ range at low energies, according to Ref. [22] .
All the above features have been observed previously in the literature [14, 15, 16, 17, 18, 19, 20] , except for the last one about the bound on δθ 23 . In the next section, we will confirm those analytical findings through a detailed numerical study.
Numerical Analysis

General Approach
In the MSSM, we adopt the one-loop RGEs of neutrino parameters. Although in the analytical study, we have neglected the contributions from two generations of lighter quarks and leptons, they are now included in the numerical analysis. The actual running is performed in two steps. First, we run the various gauge and Yukawa couplings from low energies to high energies in order to determine their high-energy boundary values. Then, we start with κ, which can be reconstructed from the constant mixing patterns and neutrino masses, and run the neutrino parameters to the low-energy scale.
In the above first step, we fix the low-energy scale to be λ = 10 3 GeV, and the matching of the Yukawa couplings in the SM with those in the MSSM is performed at the same scale. The values of the running SM quantities are taken from [27] . Moreover, since large values of tan β are favored in the following running, it is then necessary to include the so-called SUSY threshold corrections [28] as well, which would result in modifications to the down-type quark and charged-lepton Yukawa couplings at the matching scale. Following [27] , in the basis where both Y u and Y l are diagonal, we have the matching conditions
where η q and η l are the parameters that describe the SUSY threshold corrections, and we have absorbed the corrections to y τ by a redefinition of β → β, namely, cos β = (1 + η l ) cos β, where η l also denotes the SUSY threshold correction and its exact definition can be found in [27] . Hence, by considering the SUSY threshold corrections, three additional parameters η's, together with a redefined tan β, are introduced. However, since η q and η l only correct the Yukawa couplings of the first two generations of down-type quarks and charged leptons, whose contributions to the RG running of neutrino parameters are already quite small, we set η q,l = 0. Only η b and tan β are relevant. Next, we run all the obtained MSSM quantities to the high-energy scale Λ, which can vary in a wide range. At the scale Λ, we further verify the resultant Yukawa couplings to see if they are still in the perturbative region, i.e., O(Y f ) < 4π. Having found the high-energy boundary values for the gauge and Yukawa couplings, we finally perform the running towards the low-energy scale λ with a boundary value of κ. When reconstructing κ, we consider various different values of two Majorana CP-violating phases and neutrino masses, in addition to the mixing angles implied by three constant mixing patterns. A list of free parameters and their chosen ranges in our numerical study can be found in Table 2 , where the values of η b and tan β are consistent with those from Ref. [27] . Two cases of neutrino mass hierarchy are also distinguished, in the assumption that the hierarchy patterns at the low-and high-energy scales are matched, i.e., they are both in NH, or both in IH. 5 The neutrino parameters at the low-energy scale λ are then confronted to the latest global-fit results from Ref. [22] . In our computations, in order to improve the sampling efficiency, we have employed the program MULTINEST [29] for the parameter scan. The computational details and the allowed parameter space for each mixing scenario will be presented in the next subsection. 
Parameter Space
Tri-bimaximal mixing
Let us begin with the case of NH, for which the best-fit points are given in Table 3 . The χ 2 function in the fitting procedure is constructed as follows
where y th i is the theoretical prediction obtained by sampling from the parameter space x = (x 1 , ..., x m ), and y ex i is the measured value with an uncertainty σ ex i . In our numerical study, we take sin 2 θ ij and two mass-squared differences (∆m 2 21 , ∆m 2 31 ) as the five observables y i 's. Their experimental values y ex i 's are taken to be the best-fit ones from [22] , and the uncertainties σ ex i 's are obtained by symmetrizing the 1σ errors. In Table 3 , we also list the pull for each observable y i , with its definition given by pull(y i ) = y th
where the theoretical prediction is referred to that at the best-fit point. We then see that only a fair χ 2 fit is reached for TBM in the NH case, and θ 12 and θ 23 indeed have large pulls, confirming our previous analytical findings. As shown in Table 3 , it is not difficult to achieve the observed value of θ 13 . We next present the allowed parameter space for the free parameters in Fig. 1 , where for each yellow point their predictions on three mixing angles and two mass-squared differences are within the 3σ ranges from Ref. [22] . As one can see, large values of tan β and m Λ 1 are favored, and such a feature is expected from the consideration of large corrections to θ 13 . The allowed ranges for Λ and η b , however, are vast. The reason may be that Λ and η b are helping each other when trying to obtain a relatively large value of . In fact, η b also helps tan β to reach a lower value. Regarding the Majorana CP-violating phases at high energies, we indeed see from Fig. 1 that the region with a near π difference between them is highly favored. Moreover, it also shows that ϕ Λ 1 tends to be in the first and fourth quadrants. This can be understood by the correlation between θ 13 and δθ 23 . According to Eq. (22) , δθ 23 is bounded from below, and this lower bound, which gives a better fit to the low-energy data, is reached when cos ϕ Λ 1 = 1. Finally, the allowed parameter space of two neutrino mass-squared differences also agrees with our previous analytical study, namely, (∆m 2 21 ) Λ in the 10 −4 eV 2 range while (∆m 2 32 ) Λ in the 10 −3 eV 2 range.
Th predictions for the low-energy neutrino parameters are shown in Fig. 2 , together with experimental constraints, and some comments on them will be instructive. Table 3 : The best-fit points of low-energy observables for the TBM mixing pattern in both cases of NH and IH, where the input parameters at the high-energy scale are also given.
• The correlation between θ 13 and δθ 23 is indeed confirmed, as can be seen in the sub-figure of θ 13 versus θ 23 . The black solid line corresponds to the lower bound derived in Eq. (22), and the allowed values for θ 23 are indeed above that line. For this reason, one can also observe that TBM in the NH case is excluded at 1σ level. However, there remains a portion of parameter space at the 3σ level.
• In the sub-figure of θ 12 versus δ, we confirm the previous observation that θ 12 tends to become larger at low energies. Such an increase also renders the TBM pattern disfavored at the 1σ level. In addition, the predicted value of δ turns out to be in the second and third quadrants. To understand this feature, we recall that at the scale Λ, because of θ 13 = 0, the Dirac CP-violating phase δ is ill-defined. However, when the downward running takes place, θ 13 becomes non-zero, and δ restores its definition. The limiting value of δ at Λ can then be determined by requiring its derivative dδ/dt to be finite [14, 18, 30] . From the RGE of δ listed in Appendix A, such a requirement yields
where ζ ≡ ∆m 2 21 /∆m 2 32 . In the approximation of ζ ≈ 0 and ϕ Λ 2 ≈ ϕ Λ 1 + π, we find that δ Λ is close to ϕ Λ 2 or ϕ Λ 2 + π. Because δ and the sign of sin θ 13 are closely related in the MNSP matrix, such a two-fold ambiguity on δ would be further removed if imposing the fact that we always keep θ 13 to Figure 1 : Allowed parameter space for the free parameters given in Table 2 for TBM in the case of NH, where the black crosses stand for the best-fit points.
be in the first quadrant during the RG running. This can be seen by inspecting the RGE of θ 13 . According to [27] , we have
at the leading order. Given ζ 1, ϕ Λ 2 ≈ ϕ Λ 1 + π and ∆m 2 31 > 0 for NH, we find that dθ 13 /dt can only be negative when δ Λ ≈ ϕ Λ 2 . Such a negative value of dθ 13 /dt would then lead θ 13 to enter the desired first quadrant from a zero boundary value. Hence, we need to have δ Λ ≈ ϕ Λ 2 at the scale Λ. During the running from Λ to the low-energy scale, because of ϕ Λ 2 − ϕ Λ 1 ≈ π, all the three phases δ, ϕ 1 , and ϕ 2 do not change much, according to their RGEs given in Appendix A. Therefore, the equality of δ and ϕ 2 also holds approximately at low energies, as one can see from the best-fit points given in Table 3 .
• From the left plot in the middle row of Fig. 2 , we can observe that two neutrino mass-squared differences ∆m 2 21 and ∆m 2 31 can be easily reproduced. Comparing the phases {ϕ 1 , ϕ 2 } in the right plot in the middle row of Fig. 2 with those in Fig. 1 , one can see that the shape of allowed regions remains nearly unchanged, but becomes slightly broader. The reason is the mild running effect under the condition ϕ 2 ≈ ϕ 1 + π, as we explain above.
• As one can observe from Fig. 1 , only a large value m Λ 1 0.1 eV is allowed for a wide range of the high-energy scale Λ. Since m 1 does not run significantly, it still sits in the quasi-degenerate region Figure 2 : Predictions for the low-energy neutrino parameters in the case of TBM for NH. The dashed contours in the plots of mixing angles and mass-squared differences refer to the 1σ and 3σ ranges taken from Ref. [22] , while the best-fit values from Ref. [22] are indicated by the black solid dots. The black solid line in the first plot denotes the lower bound in Eq. (22) . For the two plots in the last row, the shaded areas indicate the exclusion regions by the Planck 2015 data. The grey curves in the plot of (m ee , m 1 ) stand for the allowed region for m ee , when three mixing angles vary within their 3σ ranges and the two Majorana phases are free.
at low energies. Now we explore the implications for the neutrinoless double-beta decay and the tritium beta-decay experiments. The effective neutrino mass for neutrinoless double-beta decays is
where ϕ 1 and ϕ 2 are two Majorana CP-violating phases. In the standard parametrization, we have Figure 3 : Allowed parameter space for the free parameters given in Table 2 for the case of TBM in IH, where the red crosses stand for the best-fit points.
|U e1 | 2 = cos 2 θ 13 cos 2 θ 12 , |U e2 | 2 = cos 2 θ 13 sin 2 θ 12 and |U e3 | 2 = sin 2 θ 13 . Given ϕ 2 − ϕ 1 ≈ π and sin 2 θ 13 1, one can obtain m ee ≈ m 1 cos 2θ 12 in the limit of nearly-degenerate neutrino masses. As shown in Fig. 2 , such a large effective neutrino mass is almost reached by current 100 kilogram-scale experiments, will be definitely accessible by the future multi-ton scale experiments [31, 32] . On the other hand, the effective neutrino mass relevant for beta decays is defined as
which approximates to m β ≈ m 1 in the nearly-degenerate mass limit. Therefore, as shown in Fig. 2 , m β is approximately given by m 1 , which is beyond the reach of the KATRIN experiment [33, 34] .
Moreover, from the last row of Fig.2 , it is evident that the allowed range of m 1 has already been excluded by the latest cosmological upper bound on the sum of neutrino masses Σ ν < 0.23 eV from Planck 2015 data [21] . Therefore, if this cosmological bound is taken into account, the exact TBM at a high-energy scale is not allowed in the NH case.
Next, we proceed with the IH case. The best-fit points in this case have also been given in Table 3 , while the allowed parameter space for free parameters and the predictions for the low-energy observables are summarized in Fig. 3 and Fig. 4 , respectively. Although the results in the IH case are quite similar to those in the NH case, we can observe the following two different features. First, the χ 2 fit to neutrino oscillation data in IH becomes worse, and this can be traced to the larger pull of θ 23 , which originates from the fact that the best-fit value of θ 23 in Ref. [22] is farther away from π/4 in IH than that in NH. Second, Figure 4 : Predictions for the low energy neutrino parameters in the case of TBM for IH. Detailed descriptions of each plot follow those in the caption of Fig. 2. from Fig. 4 , we notice that the prediction of δ at low energies favors the first and fourth quadrants, instead of the second and third quadrants as in the previous NH case. The difference between the predictions of δ in two cases is approximately π, which can be understood by revisiting previous discussions on δ. In the IH case, one has to apply ∆m 2 31 < 0 to the RGE of δ. As a consequence, δ tends to be close to ϕ 1 , instead of ϕ 2 . Furthermore, one can notice that the octant of θ 23 and the value of δ are correlated with the neutrino mass hierarchy, as previously observed in the context of µ-τ symmetry [35, 36] and leptonic mixing sum rule [37] .
Finally, we briefly summarize the consequences of requiring both an exact TBM mixing pattern at high energies and the correct phenomenology at low energies. First, the large radiative correction needed for θ 13 forces neutrino masses to lie in the quasi-degenerate region, which in fact causes the TBM case to be 
30. 3   Table 4 : The best-fit points of low-energy observables for the GR mixing pattern in both cases of NH and IH, where the input parameters at the high-energy scale are also given.
in danger with the Planck data. Second, within the quasi-degenerate mass region, two Majorana phases have to be different by about 180 • so as to protect θ 12 from too large corrections. Given the above two facts, the Dirac CP-violating phase δ is found to be aligned with one Majorana phase, and there exists a correlation between θ 13 and θ 23 at low energies. It is such a correlation, together with a sizable value of θ 12 , that renders the TBM mixing pattern to be incompatible with the latest global-fit result at the 1σ level. Allowed parameter space of mixing parameters at the 3σ level are available if the cosmological bound on neutrino masses is relaxed.
Golden-ratio and bimaximal mixing
For GR, as expected, the main results are quite similar to those for TBM, since the predicted value of θ Λ 12 in both cases are not far from current best-fit value of θ 12 at low energies. Therefore, our previous discussions on TBM can be readily applied to GR, and we only focus on the differences between these two cases. Although we have carried out a full numerical analysis of GR, only the χ 2 fits to neutrino oscillation data in both NH and IH are presented in Table 4 , where one can see slightly better agreement with experimental data.
The differences between these GR and TBM cases arise from the fact that the predicted θ Λ 12 in GR is below the current best-fit value of θ 12 at low energies, while the opposite for TBM. Such a difference of θ Λ 12 will make the fitting to θ 12 much easier for the GR case, as θ 12 increases when running downward from a high-energy scale. This better fit to θ 12 is indeed observed in Table 4 , and because of this, the final minimal χ 2 values in GR are smaller than their counterparts in TBM. Although a better fit to θ 12 is now obtained, the fate of GR remains the same as that of TBM. The main reason is the previously identified correlation between θ 13 and θ 23 , which leads to a disagreement with the latest global-fit results at 1σ level. Then, we come to the BM case. Our numerical study indicates that no allowed parameter space of neutrino mixing angles and mass-squared differences can be found even at the 3σ level. In Table 5 , we list the best-fit points for both NH and IH. As one can see, the minima of χ 2 values for NH and IH are both over 100, because of the poor fit to both θ 12 and θ 23 .
Similar to the case of TBM, the large pull on θ 12 originates from the fact that the correction to θ 12 is always positive at leading order. Thus, in order to reduce the value of θ 12 during the RG running, one has to suppress the leading-order contribution in the first place, by requiring a difference of 180 • between two Majorana phases, and then take account of the higher-order corrections. Although it is difficult to analytically examine these higher-order corrections, we can still investigate them numerically. In Fig. 5 , we present the low-energy predictions of neutrino mixing angles and CP-violating phases, for which only the points leading to χ 2 < 230 in NH and χ 2 < 190 in IH are shown. As one can observe, the maximal correction to θ 12 is about 1 • for NH and 4 • for IH. Therefore, θ 12 is always outside the 3σ range in both NH and IH cases. Moreover, it is also confirmed that the difference between two Majorana phases is about π in both cases.
In the end, we comment on the large pull of θ 23 for BM. It is also mainly caused by the previously identified correlation between θ 13 and θ 23 , although now it is slightly modified by higher-order corrections, as can be seen from Fig. 5 . Nevertheless, in both NH and IH cases, θ 23 is far away from its desired low energy best-fit value from Ref. [22] .
Conclusions
The dynamics for neutrino mass generation and leptonic flavor mixing remains one of the most mysterious problems in particle physics. One promising solution is to introduce a discrete flavor symmetry in the neutrino mass model at a superhigh-energy scale Λ, where a simple pattern of leptonic mixing (e.g., TBM, GR and BM) can be derived. As all these constant mixing patterns predict a maximal mixing angle θ 23 = π/4 and a vanishing angle θ 13 at Λ, we are motivated to investigate if the RG running effects from the superhigh-energy scale to a low-energy scale are significant enough to generate a nonzero θ 13 while keeping other mixing parameters consistent with neutrino oscillation data.
In the framework of MSSM, in order to thoroughly study the radiative corrections to the leptonic mixing, we have scanned over a wide range of each free model parameter at Λ, including the SUSY threshold parameter, absolute neutrino masses, CP-violating phases, the values of tan β and the high-energy scale Λ itself. Using the latest global-fit results of neutrino mixing angles and mass-squared differences, we construct a χ 2 function to quantify the agreement between theoretical predictions and experimental data. The main results from our analytical and numerical studies can be summarized as follows:
• Via the RG running, it is not difficult to produce a relatively large value of θ 13 if neutrino masses are nearly degenerate and the value of tan β is large. With the help of one-loop RGEs, we have derived the radiative corrections to three neutrino mixing angles in an analytical and approximate way. It has been found that θ 12 always increases when running toward the low-energy scale. Table 5 : The best-fit points of low-energy observables for the BM mixing pattern in both cases of NH and IH, where the input parameters at the high-energy scale are also given.
• For TBM and GR, the prediction for θ Λ 12 is already close to the best-fit value of θ 12 , so the difference between two Majorana phases should be around π such that the radiative correction to θ 12 is small. This also applies to the BM case, in which the increase of θ 12 should be kept as small as possible.
• The correlation δθ 23 θ 13 tan θ Λ 12 induces a severe tension with the observed θ 23 . As a consequence, both TBM and GR can be compatible with neutrino oscillation data at the 3σ level, but not at the 1σ level. Furthermore, if the cosmological upper bound on the sum of neutrino masses is taken into account, these two mixing patterns will be excluded at the 3σ level. The situation is even worse for BM, which is disfavored even when the cosmological bound is not imposed.
Without the cosmological bound on neutrino masses, the χ 2 fit with five degrees of freedom to neutrino oscillation data is given for all three mixing patterns, and the smallest values of χ 2 min have been found in the GR case both for NH (i.e., χ 2 min = 12.2) and IH (i.e., χ 2 min = 30.3). It is worthwhile to mention that the RG running of neutrino parameters is solved here within the framework of effective theories, which are valid below a superhigh-energy scale Λ. In a complete theory above Λ, such as a neutrino mass model with discrete flavor symmetries, a different set of RGEs should be considered and the decoupling of heavy particles are to be performed explicitly. Nevertheless, our studies have already conveyed some important messages for the model building of neutrino masses and leptonic flavor mixing at high-energy scales. Figure 5 : Predictions for the low-energy neutrino parameters in the case of BM for both NH (yellow points) and IH (blue points). The black solid lines in the first two plots denote the bounds obtained from Eq. (22) , and the dashed contours represent the 3σ ranges given in Ref. [22] .
where The RGEs of neutrino masses and three mixing angles can also be found in the literature [14, 24] . The formulas collected in this appendix are useful in the analytical discussions in Sec. 2. In our numerical calculations, the exact RGEs of neutrino parameters have been used.
B Perturbative diagonalization
In Appendix B, we show how to derive the radiative corrections to neutrino masses and flavor mixing angles by perturbatively diagonalizing M ν in Eq. (8) . Since the mixing angles θ Λ ij 's at the high-energy scale Λ are still good approximations to θ ij at the low-energy scale λ at the leading order, we first rotate M ν /I 0 by a unitary matrix V ≡ U Λ ν | ϕ Λ 1,2 =0
, namely, V T (M ν /I 0 ) V ≡ M ν , and obtain 
Next, we adopt the standard approach and construct M † ν M ν , which can be diagonalized by a unitary transformation. Expanding it in terms of the small parameter , we arrive at 
where Y ij ≡ (m Λ i ) 2 + 2m Λ i m Λ j e i(ϕ Λ i −ϕ Λ j ) + (m Λ j ) 2 for ij = 21, 31, 32 and ϕ Λ 3 = 0 should be understood. According to the standard perturbation theory (see, e.g., Ref. [38] ), we require the perturbations not to alter the spectrum of eigenvalues at the leading order (i.e., no level-crossing theorem). In our case, this requirement means
